
842 AIAA JOURNAL VOL. 21, NO. 6

Transonic Flow Calculations Using the Euler Equations

H. L. Atkins* and H. A. Hassanf
North Carolina State University, Raleigh, North Carolina

An implicit finite difference method with implicit boundary conditions is employed to solve the steady Euler
equations for flows past arbitrary geometries/The resulting code is used to investigate in a systematic way
various aspects of flow past airfoils at transonic speeds such as method of solution, boundary conditions, grid
stretching and generation, shock and sonic point operators, the Kiitta condition, and smoothing. Results ob-
tained are in good agreement with results of other codes. Moreover, it appears that the method of solution
employed is such that Kutta's condition need not be invoked. This statement appears to be valid for other
existing schemes employed in the solution of Euler equations.

Introduction

THE primitive variable form of the system of partial-
differential equations governing the steady motion of an

inviscid fluid (Euler equations) are first order and of mixed
elliptic and hyperbolic type. Because of this, two approaches
are used in obtaining steady-state solutions for subcritical and
supercritical flows past bodies. The first seeks temporally
asymptotic solutions of the time-dependent equations1'7 while
the second exploits relaxation methods developed for the
solution of second-order equations by embedding Euler
equations in a second-order system8 or by using a stream
function formulation.9

The purpose of this investigation is to develop an efficient
algorithm for the steady Euler equations in primitive variable
form and use it to carry out numerical experiments designed
to investigate in a systematic way the various aspects of flows
past airfoils at transonic speeds. These include method of
solution, i.e., Peaceman-Rachford10 (PR) vs Douglas-Gunn11

(DG); boundary conditions; grid generation and stretching;
shock and sonic point operators; smoothing; and the Kutta
condition. The resulting algorithm solves the strong con-
servation form of the Euler equations, with the energy
equation replaced by the statement that the total enthalpy is
constant, using an ADI finite difference scheme and implicit
boundary conditions. To study arbitrary geometries, the
algorithm is combined with the automatic grid solver
(GRAPE) of Steger and Sorenson.12 With this capability, the
code provides a general and efficient method for the solution
of flowfields past arbitrary geometries for all speed ranges.
The achieved efficiency of this code can be traced to two main
reasons: the resulting block tridiagonal matrix for two-
dimensional flows is 3 x 3 and not 4 x 4; moreover, the code
incorporates a procedure that selects an optimum relaxation
factor for each iteration.

Formulation of the Problem

A. Governing Equations and Transformations

The steady conservative Euler equations in dimensionless
form can be written as

where

Fx + G = 0, Fx = dF/dx, etc. (1)
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p is the density, p the pressure, and u and v the velocity
components in the x and y directions. The dependent variables
were normalized by p^, /?«,, and (p^/>«,) 'A', respectively,
while the independent variables were normalized by the chord
length. For adiabatic flows, the steady energy equation
reduces to

(3)2y

where Tis the temperature, 7 the ratio of specific heats, and
MO,, the freestream Mach numbers. The equation of state

P=pT (4)

with the result that Eq. (1) takes the form

and JEq. (3) were used to eliminate the pressure and tem-
perature from the governing equations with the result that the
dependent variables are the primitive variables u, v, and p.

Equation (1) is transformed into a rectangular com-
putational plane (£,?/) , i.e.,

(5)

(6)

(7)

(8)

where /is the transformation Jacobian and is given by

and

B. Type-Dependent Operators
Equation (6) represents a system of nonlinear partial-

differential equations. A first step in the solution of these
equations is to linearize them using a Taylor expansion. The
result can be written as

(9)

where L% and L^ are the operators resulting from the £ and 77
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differentiation and

A= ——', B= ——, W= (10)

where

y = QU+J -

The finite difference operators L^ and L^ are chosen in such a
way that they are second-order accurate, conservative, and
reflect the physics of the flow. To meet these objectives a
central difference operator is used in the ?j direction and a
type-dependent operator in the £ direction, which is the mean
flow direction. It was found that a type-dependent operator
similar to that developed by Murman13 for the potential
equation is not suited for Euler equations when an ADI
scheme is employed. This is because it involves four points
and because it has undesirable features around the sonic line
which led to severe stability problems. It was found that, for
the problem under consideration, a number of three-point
operators that maintain strict conservation14 are satisfactory.
The results presented here employ the form1

1 jtg-
(11)

where

(12)

= 0, MiJ<l (13)

and M is the Mach number. When both the upper and lower
halves of the plane are considered, the operator indicated in
Eq. (10) is generalized to

V (e'7 e/y V)
A? l-(a/2)Veij+[(l-a)/2]Aeij

a = 7, upper half

= 0, lower half

Qu
(14)

(15)

Both operators indicated in Eqs. (11) and (14) are generalized
to allow for one-sided differencing at a boundary by setting

(16)

where

= J at $,. = $»»

= 0 at $, = $min

= ¥2 otherwise

if MiJ<l

if MiJ<l

(17)

The L^ operator, when generalized to allow for one-sided
differencing at the boundary, takes the form

(18)

= J/2 otherwise (19)

The' transformed equations are balanced exactly for a
constant flowfield as long as the same operators are used to
evaluate both metrics and flow variables. Thus, great care
must be exercised if type-dependent operators are used. Even
when the metrics are evaluated using the same operator, a grid
error correction term must be introduced to insure the desired
accuracy. This is because L^L^ -^L^L^ everywhere.

C. Method of Solution
The governing equations are solved by employing ADI or

splitting techniques. Two procedures were examined here. In
the first, the approximate factorization or Douglas-Gunn
method was employed. In this method the time-dependent
terms in the governing equations are reinstated and the
algorithm reduces to a form similar to that of Ref. 2. The
second procedure employed is that of Peaceman and Rach-
ford. 10 The delta form of the equations can be written as

(20)

where pn is the relaxation factor for the nth iteration and Cn is
a 3 x 3 matrix. Cn can be chosen as the unit matrix; however,
improved convergence resulted when C was chosen as

C= dH
H=

pu

pv

P

(21)

An algorithm based on Eq. (20) was implemented using the
two steps

(22)

* (23)

with

, etc. (24)

0 is a relaxation parameter and D a smoothing function.1'2
The algorithm was implemented using both implicit second-
order smoothing and explicit fourth-order smoothing.

For the factored or Douglas-Gunn scheme n refers to the
time step while for the Peaceman-Rachford method n refers
to the iteration number. Briley and McDonald15 have shown
that the Peaceman-Rachford scheme with 0= 1 is equivalent
to the Douglas-Gunn splitting when a Crank-Nicholson
scheme is applied to a linear problem. It is known, however,
that both schemes are only neutrally stable in the mode and
are never employed in this way. When employed in a stable
manner (j8>l for PR and backward Euler for DG) the
characteristics of the two schemes are different.

D. Boundary Conditions
After intensive investigation, it was concluded that implicit

boundary conditions should be used for all Mach numbers.
This represents a departure from the procedure of Ref. 2 and,
as such, an alternative formulation of boundary conditions.
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The stated choice led to a rather robust algorithm. Thus,
the same fourth-order explicit smoothing term was used for
all cases presented. Because of this the code does not have
adjustable parameters and does not require special "fixes" in
certain situations.

Cartesian sheared grids and mapped C grids were em-
ployed. For the Cartesian grids, the boundary conditions on
the body were obtained from setting the normal velocity equal
to zero and from the one-sided differencing of the continuity
and the x momentum equations. When C grids were em-
ployed, the x momentum was replaced by a linear com-
bination of the £ and rj momentum equations. Satisfactory
results are obtained by setting AW=Q at the upstream
boundary. For supercritical Mach numbers, the downstream
boundary conditions must reflect the fact that certain
streamlines are characterized by constant entropy while others
are not. For these cases, the downstream boundary conditions
were obtained from the one-sided differencing of the con-
tinuity and the y (or 77) momentum equations and s—s^
above the supersonic bubble (s is the entropy). Below,the
bubble, the one-sided differencing of the governing equations
was employed. Other conditions employed included AW=Q,
the one-sided differencing of two conservation equations, and
one of the following conditions: v = 0 for zero angle of attack
orp=p00.

Results and Discussion
The numerical experiments carried out in this work are

intended to answer a number of questions fundamental to the
development of an efficient code for the solution of Euler
equations. These included method of solution, type and
amount of smoothing, shock and sonic point operators, grid
size and location of outer boundary, and the Kutta condition.
Although calculations were carried out for different airfoils,
angles of attack, and Mach numbers, the figures presented
here are for a NACA 0012 airfoil, zero angle of attack, and a
freestream Mach number of 0.85. Unless indicated otherwise,
freestream conditions are assumed at the upstream boundary
while the downstream boundary employs 5'=500, the one-sided
differencing of two of the governing equations above the
supersonic bubble, and the one-sided differencing of the
governing equations below the bubble. To keep the com-
putational cost to a minimum, some calculations were carried
out using sheared Cartesian grids, the others employed C
grids generated by GRAPE12; figures using these grids are
labeled as such.

Figure 1 compares the convergence history of Douglas-
Gunn vs Peaceman-Rachford for M^ =0.5 with and without
fourth-order smoothing. Without smoothing, both schemes
have similar convergence history. On the other hand, explicit
fourth-order smoothing accelerates Peaceman-Rachford
much more than Douglas-Gunn. Similar results were obtained
when implicit second-order smoothing was employed. Figure
2 shows that similar conclusions hold for a supercritical Mach
number of 0.85. The figure shows also that marked im-
provement in the convergence history of the Peaceman-
Rachford scheme results when a variable relaxation factor is
employed. This factor is doubled when the spectral radius
(ratio of successive residuals) increases beyond a predeter-
mined number; otherwise, it is reduced by a certain per-
centage. As a result of this, the relaxation factor is almost the
optimum factor throughout the calculations. When a variable
time step was used with the Douglas-Gunn scheme, little
improvement in the convergence history was noted. Similar
results were obtained for subcritical Mach numbers. Because
of this, subsequent results employ the Peaceman-Rachford
method with variable pn.

The question whether to use an implicit second-order
smoothing or an explicit fourth-order smoothing or both is
discussed next. Figure 3 compares a Cp plot for both types of
smoothing. Implicit second-order smoothing resulted in the
formation of a spike behind the shock. Because of this,
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Fig. 1 Effect of method of solution and smoothing on convergence
rate (^=0.5): 1) Douglas-Gunn (DG), no smoothing; 2) DG,
fourth-order smoothing; 3) Peaceman-Rachford (PR), no smoothing;
and 4) PR, fourth-order smoothing.

io-

io-

10-

2 io-
CO
UJ

io-'

io-:

110-
0 400 800 1200

ITERflTION
Fig. 2 Effect of smoothing and relaxation factor on convergence rate
(^=0.85): 1) DG, fourth-order smoothing, 2) PR, fourth-order
smoothing, and 3) PR, fourth-order smoothing and variable
relaxation factor.

subsequent results employed fourth-order smoothing in the
form

Z) = co[(V^A^)2 + (V^A^)2]!^ (25)

All computations reported here assume co = 1. Contrary to the
experience of Refs. 1 and 2, no oscillations were observed
when the preceding term was kept throughout the com-
putational field. Conservative suppression of this term (with
co = 1) in the supersonic region resulted in oscillations.

Comparison of central differencing throughout the
flowfield with type-dependent differencing is shown in Fig. 4.
When central differencing is used throughout, a spike
develops before the shock; otherwise, it is in good agreement
with the type-dependent operator. Nonconservative type-
dependent operators led to instabilities. This suggests that, as
long as the scheme is conservative, good results can be ex-
pected.

When carrying out calculations of the type under con-
sideration, questions arise concerning how fine a grid should
be employed and how far from the body the outer boundary
should be placed. Stretching functions of the type

(26)
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Fig. 3 Effect of smoothing on pressure coefficient: 1) second-order
smoothing and 2) fourth-order smoothing.
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Fig. 4 Influence of L^ operator on pressure coefficient: 1) central
difference and 2) type dependent.
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Fig. 7 Effect of downstream boundary conditions on convergence
rate: 1) v = 0, 2) p =pQO, and 3) s = s^ above supersonic bubble.
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Fig. 5 Effect of grid size on pressure distribution: 1) 16x6,
2) 32 x 12, 3) 48 x 16, and 4) 64 x 24.
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Fig. 8 Comparison with A scheme: 1) Salas' results and 2) present
method.

and a similar expression for y was employed when sheared
Cartesian grids were employed. In Eq. (25), a, a, C^ and C2
are constants with Cly C2 being 0 or 1. The stretching func-
tion indicated in Eq. (26) was used to generate the results
indicated in Fig. 5 for t £ l <0.995 and 0<7/<0.995, a= l/2
and a = 2. Solutions are deemed convergent when the rms of
the change in Cp is less than 10~6. It is seen from the figure
that the pressure coefficient is quite dependent on the grid

size. However, the position of the shock seems to stabilize for
the finer grids. Although the results are for a NACA 0012
airfoil, the foregoing problem is a result of the fact that the
flow is "seeing" different airfoils.

The grid sizes indicated in Fig. 5 are for the upper half of
the airfoil. When the angle of attack is different from zero
both halves have to be considered with the result that com-
putational costs are doubled for a given grid size. One
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Fig. 9 Effect of conditions at trailing edge on pressure distribution
(C grid): 1) stagnation point, 2) body point, and 3) wake point.

possibility for reducing the computational cost is to ex-
periment with the location of the outer boundary without
changing the cell size. Figure 6 shows the convergence history
for the cells corresponding to the 48 x 16 grid when the outer
boundary is placed at the positions indicated. This is
equivalent to moving the outer boundary one, two, or four
cells in the direction of the body. Significant reduction in
computer time was achieved with little influence on the
pressure distribution.

The effect of the downstream boundary condition is
considered next. Because of the presence of a shock for
supercritical flows, ds/dn^O where n is the normal to the
streamline. Moreover, streamlines crossing the shock are
characterized by an entropy jump while the others are not.
Because of the preceding, the downstream boundary con-
ditions are not obvious. A number of boundary conditions
were examined and the convergence history for three of them
is presented in Fig. 7. It is seen that all three downstream
boundary conditions have the same convergence history and,
thus, lead to the same pressure distribution. The reason for
this is that for a freestream Mach number of 0.85 and zero
angle of attack, the entropy gradient normal to the body is not
severe. In all probability, higher supercritical Mach numbers
and angles of attack would yield different results.

Comparison of the results of this work and those of Ref. 6,
which were obtained using a time-dependent explicit method
based on the X scheme16 is shown in Fig. 8. Good agreement is
indicated.

All of the results presented so far were based on a sheared
Cartesian grid with the leading and trailing edges placed
between nodal points. To investigate the role of the Kutta
condition, a C grid generated by GRAPE12 is employed.
When C grids are employed the cut from the trailing edge to
the rear boundary is mapped into a boundary in the com-
putational plane. The computations were carried out in such a
way that points on that part of the boundary corresponding to
the cut were treated as if they were interior points. It appears
that the trailing edge may be handled in one of three ways:
1) assume velocity to be zero there; 2) treat it as part of the
cut, this ensures continuity of properties at that point; and 3)
treat it as a point on the airfoil. Because the slope is
discontinuous when trailing-edge angle is finite, the flow
properties are not equal at the upper and lower surfaces.
However, because the next grid point lies in the wake, case 3 is
essentially case 2 with the trailing edge shifted slightly to the
right.

The pressure coefficients for the three options just indicated
are shown in Fig. 9 for M^ = 0.85 at zero angle of attack. It is
seen that the first option is not realistic because of the
presence of the spike. Moreover, when such a condition is

employed with a coarse grid (65x33), a small dead-water
region with pressure lower than freestream pressure appears
behind the trailing edge. This region shrinks appreciably when
the grid is refined. This behavior can be traced to the fact that
specifying a stagnation point at the trailing edge overspecifies
the problem. This, in turn, can be interpreted to mean Kutta's
condition need not be enforced when Euler equations are
employed. Computations presented in Ref. 7 confirm this
conclusion. However, the explanation advanced there is not
appropriate. It is known17 that Euler equations have a
mechanism for generating vorticity when density and pressure
nonuniformities exist. Even for subcritical Mach numbers
where a pressure-density relationship exists and where the
ratio of vorticity to density is constant along a streamline, the
form of boundary conditions employed here and the presence
of artificial viscosity result in the generation of vorticity.
Thus, use of options 2 or 3 should give the correct lift.

Concluding Remarks
The numerical experiments presented here have resulted in

an efficient code for the solution of the steady Euler
equations. Results obtained using this code are in good
agreement with Salas' explicit time-dependent code.
Requiring the trailing edge to be a stagnation point over-
specifies the problem; thus, it appears that for the scheme
employed here, Kutta condition is not required.
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